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We study the uniform best restricted ranges approximations of complex-valued
functions by generalized polynomials. The theory, generalizing the real-valued case,
embraces the theorems of existence, characterization, uniqueness, and strong
uniqueness.  © 1999 Academic Press

1. INTRODUCTION

The problems of best uniform restricted ranges approximation have been
thoroughly studied in the framework of the well-established theory of best
constrained approximation of real-valued functions (see the corresponding
review in [ 1] and the relevant references therein; a modern approach to
the problem is presented in [2]).

In this article we consider the problem of best uniform restricted ranges
approximation of complex-valued continuous functions, which in analogy
with the real-valued case [ 3, 4] can be formulated as follows. Let C(Q) be
the space of continuous complex-valued functions defined on a compact set Q,
let P = C(Q) be a finite-dimensional subspace in it, and let 2 ={Q,|te Q}
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be a system of non-empty convex and closed sets in C. For a given function

feC(Q) set

Ef) = inf 1/l (1
where
Po:={peP|p(t)eQ, for all te Q}.
Here || || stands for the uniform norm.

The problem is to investigate the properties of the elements p* € P, providing
the infimum in (1.1). Admittedly, this problem for a general class of restriction
is quite difficult.

In this work the problems of existence, characterization, uniqueness and
strong uniqueness of such an element p* are studied for some special
system of restrictions Q, using the notion of a minimal admissible pair of
sets corresponding to the notion of a characterization set of best approxima-
tion (see, for instance, [5]) in the classical theory of uniform approximation.

The organization of this paper is as follows. In Section 2 we introduce
the basic definitions, notations, and facts to be employed throughout the
article. We also present the theorem on existence of best restricted ranges
approximation. The definition and properties of a minimal admissible pair
of sets constitute the subject of Section 3. We present the three criteria of
best approximation (including the Kolmogorov-type characterization and
zero in the convex hull characterization) in Section 4. In Section 5 the
theorems of uniqueness and strong uniqueness of best approximation and
the theorem on continuity of the operator of best approximation are
proved. In Section 6 we make concluding remarks.

2. BASIC DEFINITIONS, NOTATIONS AND FACTS

Let O be a compact set in the complex plane C containing at least n+ 1
points. Denote by C(Q) the Banach algebra of all complex-valued con-
tinuous functions defined on Q with the norm

I.£1l =max | f(2)].
teQ
For every function f'e C(Q) introduce the set M( f)

M(f):={te Q| lf(NI=1/1}-
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Clearly, M(f) is compact. Consider an n-dimensional subspace P < C(Q)
with a basis {¢,, @5, .., ¢,}. The elements p € P have the form

I M=

p:

v

CV¢V’

1

where ¢, e C,v=1, .., n. We call them generalized polynomials with respect
to the system {@, ¢,, .., ¢,}, or just polynomials, for short. For p e P set

Z(p):={1e Q| p(t)=0}.

DerFINITION 2.1 [6]. An n-dimensional subspace P < C(Q) is called a
Haar space if every polynomial pe P\{0} has no more than n—1 zeros

in Q.

Let ue C(Q) and re C(Q) be fixed functions, in addition assume that
r(t) >0 for all 1€ Q. For every point € Q denote

Q,:={zeCllz—u(t)| <r(1)},
intQ,:={zeCl|z—u(?)| <r(1)},

0Q,:={zeC||z—u(t) =r(1)}.

HyprotHEsIs 2.1.  Throughout this paper we assume that always for some
Do € P the condition

po(t) eint 2,
holds for all te Q.
For all pe P set
B(p):={teQ|p(t)edQ,}.

In view of continuity of the functions u, r and p the set B(p) is compact.
Introduce the notation

Pg o:={peP|p(t)eQ, for all te B},
where B Q, Py o:=P, Py o= Pg. Note that for every set B Q the set

Py o is convex, while for a closed set B the set Py o is closed in P. The
inclusion B’ < B obviously implies Py o = Py q.
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Let 9% be the set of ordered pairs (A; B), where A< Q, B< Q and
A+# . We write (4'; B') = (4; B) iff A’ = 4 and B’ = B. Then the inclusion
(A"; B'") = (4; B) is called strict, if at least one of the inclusions 4’ = 4 and
B' < B is strict.

For a function f'e C(Q) and a pair (4; B) € M set

Eq(f: Ppg):= inf sup |f(z)— p(1)].

pePB!Q teA

Clearly, for A=B=0,
EQ(ﬁ PQ,Q) = EQ(fr PQ) =E(f)
It is easily seen that the inclusion (A'; B') = (A; B) implies the inequality
E (f, Pp o) SELS P o)

which leads, in particular, to

E4(f: Pp o) SE(S)

for any pair (4; B) e M.

DErFINITION 2.2. A polynomial ge Py ,, satisfying the equality

sup [ /(1) —q(t)| = E4(f: Pg o),

teAd

is called a best restricted ranges approximation to f on A from Py g.

A Dbest restricted ranges approximation to f on Q from Pg,, or the
polynomial p* € P, satisfying

If=p*I =E(f)

is called for short a best approximation to f from Pg,.
The compactness argument justifies the validity of the following

THEOREM 2.1. If A and B are compact subsets of Q (A # &), then for
every function € C(Q) there exists a best restricted ranges approximation to
fon A from Py .

COROLLARY 2.1.  For every function f € C(Q) there exists a best approxi-
mation to f from Pg.

Next, let us formulate in the complex form the following three classical
results.



288 SMIRNOV AND SMIRNOV

THEOREM 2.2 (On Linear Inequalities [7]). Let U be a compact subset
of C". Then there exists a point z€ C" such that Re(z, u) >0 for all ue U iff
the origin of C" does not belong to the convex hull of U.

Here (, ) means the scalar product in C”.
THEOREM 2.3 (Carathéodory [7]). Let A be a subset of an n-dimen-

sional complex space. Every point of the convex hull of A is expressible in the
form of a convex linear combination of 2n+ 1 (or fewer) elements of A.

THEOREM 2.4 (Helly [12]). Let {V} be a collection of closed and convex
sets V in C" such that every 2n+ 1 among them have a common point. Then
all the sets V have a common point, provided that there exists a finite sub-
collection Vi, V, .., V(s =1) of elements of { V'}, such that their intersection
VinVyn -V is non-void and bounded.

Throughout this article |4| denotes the cardinality of a set A.

3. MINIMAL ADMISSIBLE PAIRS OF SETS AND
THEIR PROPERTIES

Let fe C(Q).

DerFINITION 3.1.  An ordered pair (4; B) e Mt is called an admissible pair
(a.p.) for a function f with respect to Pg, if

E (f; PB,.Q) =E(f).

DerFINITION 3.2.  An admissible pair (A4,; By) for f with respect to Py, is
called a minimal admissible pair (m.a.p.) for a function f with respect to P,
if the strict inclusion (A4; B) = (A,; B,) implies the strict inequality

E fiPpa)< EAO(f; PBO,Q)~ (3.1)

Remark 3.1. Each a.p. (4; B) for a function f, where 4 and B are finite
subsets of O, admits at least one m.a.p. for f.

THEOREM 3.1. Let (Agy; By) €M be a m.a.p. for fe C(Q) with respect to
Py, and p* € Pg be a best approximation to f from Pg. Then simultaneously
the following inclusions hold:

Ao = M(f—p*),  Bo<=B(p*). (32)
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Proof. By contradiction:

(a) Assume that the first inclusion of (3.2) does not hold. Then, there
exists a point 7, € 4, a polynomial pe Py o, a positive constants J,, J,
(see Definition 3.2) such that

|f(2) = p*(10)| = E(f) — 1, (3.3)
sup | (1) = p(0)] = E(f) = 9. (34)

te Ayg\{zy}
For an arbitrary A€ (0, 1) consider a polynomial p, of the form
pai=(1=1)p*+p.

Taking into account convexity of the set Py o and the inclusions pe Py,
Q, p*ePqy =Py o we get

P.€Pp o for any Ae(0,1).
Using (3.3), we get
|f(t0) = pil <E(f) =39, (3.5)

for small enough parameters 4 € (0, 1). For each point 7€ 4,\{7,} and an
arbitrary A€ (0, 1), using (3.4), we have

f(t) = pito)| <E(f) =36, (3.6)

(note that in (3.6) we write ¢, but not ¢,). Employing the inequalities (3.5)
and (3.6), we derive for small enough A€ (0, 1) the estimation

E 4, (f3 Pgy, o) <sup | f(1) = pu()| <E(f),

te A

which is impossible, since (A4,; B,) is a m.a.p. for f. Hence A, < M(f —p*).

(b) Assume now that the inclusion B, = B(p*) does not hold true.
Then, there exists a point ¢, € B(p*), for which

p*(tp)eint Q, ,
that is,
|p*(to) —u(t)] <r(to).

In view of Definition 3.2 one can find a polynomial G & Pp\(,}, 2> Such that

sup | f(2) —q(0)| <E(f).

te A,
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Repeating the technique of the part (a), we can show that for a small
enough parameter A€ (0, 1) the polynomial

g, =(1—2A)p*+Aje Py o;
in addition

sup |f(2) —q(1)] < E(f),

te A,

which is impossible for the m.a.p. (4,, By). Hence, B, = B(p*), as was to
be proved. ||

THEOREM 3.2. For each function f € C(Q) there exists at least one m.a.p.
(Ago; By) for f with respect to Pg, such that

| 4o U By <21+ 1.

Proof. Taking into account Remark 3.1, it is enough to show that for
some set D, < Q with |Dy| <2n+ 1 the pair (D,, D,) is an a.p. for f. Carry
out the proof in a few steps.

(a) The subsets D={t,, 5, .., 15,,,} of Q with 2n+ 1 points (with
possible repetitions) can be interpreted as points t = (#,, t5, ..., 5, ) in the
product space Q*"*!. Introduce an auxiliary function ®: Q*"*!' - R by
setting for each point t= (7, t5, ..., L3, 4 1) € Q" 1,

D(t)=Ep(f; PD,.Q):

where D={t,15, .., t5,,1} =Q. It is easily seen that for each point
te 0*" ! the conditional inequality holds true:

D(t) < E(f). (3.7)

(b) Let us prove that the function @ is continuous from above on
Q**1. Fix an arbitrary point t' = (1}, t5, ..., th, 1) € Q*" ! (simultaneously
setting D' = {#, 5, ..., th, .1} ) and an arbitrary number ¢ > 0. According to
Theorem 2.1 there exists a polynomial p' € P, , such that

()= p' (L)l <D(t), k=1,..2n+1.
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Define p" :=(1—1) p' + Ap,, where p, is a polynomial from Hypothesis 2.1.
It is understood that for some small enough A€ (0, 1) we have

|f(t) = p" (6 ) < D(t') +& (3.8)
|u(ti) = p" ()| <r(zy) (39)
k=1,..,2n+1.

In view of the inequalities (3.8) and (3.9) and continuity on Q of the
functions f, p”, u, r, for each k=1, ..., 2n + 1 there exists a neighborhood O,
of the point ¢, such that for all ¢, € O, the following inequalities hold:

() = p"(t )] < D(t) +e,  ulty) — p ()| <r(z). (3.10)

Taking an arbitrary point t = (2, t5, ., 12y 4 1) EO1 X Oy X -+- X O,, 1, the
corresponding set D= {1y, t,, ..., 15,41}, We come to the conclusion that
the polynomial p” belongs to the set P, , and the following inequality
holds:

D(t)=Ep(f: Ppo)<  max [f(5) = p"(1)| <D(V') +e.

1<k<2n+1

Therefore the function @ is continuous from above at an arbitrary point
t' e 0**1, or everywhere on Q%"+ 1.

(c) By Weierstrass’ theorem there always exists such a point t°e
0**! with the corresponding set D, = Q that

Ep,(fi Pp, o) =®(t°) = max &(t)=:E, (3.11)

t€Q2”+1

Note that |Dy| <2n+ 1. Moreover, it follows from Theorem 2.1 that for each
set D ={t,, 13, ., 15,1} = O and the corresponding point t = (, t5, ., {2, 1)
€ 0> *! there exists a polynomial p € P, o such that the following inequalities
hold:

|f(tx) = p(t)| < D(t) < D(t°) = E,. (3.12)

(d) We prove, using Helly’s theorem, that the pair (D,, D,) is an a.p.
for f. Indeed, introduce for each point 7€ Q the set

Vii={pePl|f(t)— p(t)] <E, and p(1) € Q,}.
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Notice that each set V, is convex and closed. In addition, by virtue of
(3.12), arbitrary 2n+1 sets V, have a common point. Next, linear inde-
pendence of the system {¢,, ¢, ..., ¢,} entails that there is a set of points
{11, 15, ... 1,§ = Q such that det[¢,(7,)]} ,_, #0. For each p e P define

Ay(p) = max |p(i;)|.

1<i<n

It is easy to show that A,(-) is a norm on P. Since all norms on P are
equivalent, for some x>0 and for each p € P we have

Il <udi(p). (3.13)

Now for each polynomial p e (\j_; V; in view of (3.13) we have the follow-
ing estimation

Ipl <pA(p)=p max |p(i,)| <u( max |p(i;)—f(i,)] + max [f(7,)]

1<i<n 1<i<n 1<iI<n
SUEo+ 111D

Hence, the set ()7_, V3 is bounded. The isomorphism between P and C”,
by Helly’s theorem, entails that all the sets V/, have a common point.

Let po€(Nico V. Then for all reQ the following inclusion holds:
Po(t) € 2,; in addition

|f(2) = Po(1)] < Eo.
Thus, p, € Py, which leads (taking into account (3.7)) to
E(f)< /= Poll < Eo=D(t°) <E(/).
Finally,
E(f)=Ey=Ep(f; Pp, o)

This completes the proof. |

DEerINITION 3.3. We call a function f'e C(Q) admissible, if it satisfies at
least either of the two conditions

(1) f(t)eQ, forall reQ;
(2) M(f—p*)nB(p*)=,

where p* € P, is some best approximation to f from Pg.
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We denote the set of all admissible functions by C,(Q).

THEOREM 3.3. Let P be a Haar space and fe C,(Q)\Po. Then each
m.a.p. (Ay; By) for the function f with respect to Pg satisfies the condition

|A0 UBo|>n+1

Proof. First of all notice that for every set consisting of n distinct points
{t,,t5, .., t,} = Q and an arbitrary set of numbers {c,, ¢,, ..., ¢,} = C there
exists in the Haar space P a polynomial p satisfying (see [6], p. 68)

pt) =g, k=1, .. n

We continue by contradiction. Assume that for some m.a.p. (4,, B,) for f
the conditional inequality holds |4, U B,| <n. Now consider in accordance
with Definition 3.3 two cases:

(a) Let f(¢)e £, for each te Q. Set
C0:=AO UBOZ{II,..., tk}? kén

We complete if needed the set C, up to a set of n points and consider a
polynomial p € P satisfying

pt,) = f(t,), (=1,.. k.

Then, obviously pe P¢ o = Pp, o and so

EAO(f; PBO,.Q) < Eco(f; PCO,.Q) < 112?21{ |f(t,) — p(t,)| =0 <E(f),

since ¢ P, which contradicts the definition of a m.a.p.

(b) Assume that for some best approximation p* € P, to the function

f we have the condition M(f —p*)n B(p*)= . Due to Theorem 3.1 the

following inclusions hold: 4, =« M(f —p*), B, = B(p*). Therefore 4, N B,

= Let Ag={ty, .., 1}, Bo={ty,1, . L}, k <n. Choose such a polyno-
mial p in P that

ﬁ(t():f(t/)7 /:17"'7S:
i) =p*t,), (=s+1, ..k

Due to the obvious inclusion pe Py o we have the estimation
E4(f: Py, o) s max | f(1) — p(1)| =0 < E(f)
€4

since f'¢ Po, which is impossible for a m.a.p. This completes the proof. ||
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4. CHARACTERIZATION OF BEST APPROXIMATION
Let fe C(Q), p* € Pg. Set

a(t) :=f(t) = p*(2), te M(f—p*),
a,(1) :==u(t) — p*(1), te B(p*).

THEOREM 4.1 (Kolmogorov-Type Characterization). A polynomial
p* e Py is a best approximation to a function f€ C(Q) from Pg, if and only
if for each p € P the following conditional inequality holds true:

min{ min Re(p(?) o,(7)), min Re(p(?) o,(1))} <0. (4.14)

te M(f—p*) te B(p*)
Proof. = In the case of f belonging to P, we have g,(1) = f(t) — p*(t)
=0 for all e Q, and so (4.14) is true. Let fe C(Q)\P,. We proceed by

contradiction. Assume that for some polynomial ¢ € P, the condition (4.14)
does not hold, that is, we have the inequalities

Re(q(1) 0,(1))>0,  1e M(f—p*),

(4.15)
Re(q(1) 05(1)) >0, 1€ B(p*)

By virtue of Theorem 3.2 there exists such a m.a.p. (4,; By) for f that
|4y U By| <2n+ 1. Moreover, in view of Theorem 3.1 we have the inclusions

Ao = M(f—p*),  Bo<=B(p*),

leading along with the inequalities (4.15) to

Re(q(1) 0,(1))>0,  te 4y,

(4.16)
Re(q(t) a,(t)) >0, teB,.

Taking into account that both 4, and B, are finite sets, we introduce the
constant A,

Ao :=min {min 2 Re(q(1) W), min 2 Relg(1) 0—2(1))}.

ey |q(1)] res,  lg(1)]?

Notice that in view of (4.16), 1,>0. Now for a fixed 1€ (0, 4,) and an
arbitrary point ¢ € B, we have

|u(t) — p*(1) = 2q(0)]* = |u(t) — p*(1)|* — 24 Re(q(1) 0,(1)) + 22 |q(1)|?

=13 1)+ A |q(1)|? </1_2Re(|g(l)02(l))> <r(t).
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Therefore p* + Aq € Py  o. We can show in an analogous way that for each
point € A, and the same A€ (0, 4,) the following inequalities hold:

|f() = p*(t) = Ag() > < | f(1) = p*(O) 1> = || f— p*[|* = E*(f).

Finally, we get

E 4 (f: Pp,, o) Smax | f(2) — p*(1) — q(1)] < E(f),

te A,

which is impossible for the m.a.p. (4,, By). The obtained contradiction
proves the ‘if” part of the theorem.

< Suppose for every polynomial p e P the condition (4.14) holds.
Fix an arbitrary polynomial ¢ € P, and for an arbitrary 1€ (0, 1) set ¢, :=
(1 —A)g+ Apy, where p, is the polynomial of Hypothesis 2.1. Then, clearly,
for all points re€ Q (in particular, for te B(p*)) we have the inclusion
q, €int Q,, hence the absolute inequalities

|u(t) —qu(0)] <r(t) = u(t) = p*()], 1€ B(p¥), 4e(0,1),

hold, leading, after simple transformations, to

Re((g,(1) = p*(1)) 0,5(1)) > 0

for all e B(p*) and 1€ (0, 1). But then due to (4.14) for the polynomial
q,— p* there exists such a point 7, e M(f— p*) that

Re((q4(2;) — p*(1;)) 01(1,)) < 0.
Hence continuing, we derive the following chain of inequalities
If = p*II2=1/(2;) — p*(1,)|> =Re(f(1;) — p*(1,)) 01(1;))
< Re(f(7;) —qa(15)) 04(2,))
< |A2) =g - 1f(2) — p*)| < | f—qa ] - 11/ —p*I.

Thus, for each A€(0, 1) we have

If=p*I <I/=aqsl.

By passing to the limit in the last inequality as A — +0, we obtain the
inequality

If=p*I<If—ql  forall geP,.
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Therefore p* is a best approximation to f from Pg,, which was to be
proved. |

For each function fe C(Q) and p* € P, consider the set

B=1{b(1)=(0,(1), Ps(1), ., @, (1)) a,(1)| 1€ M(f —p*)}
U {e(1) =(@,(1), @a(1), ..., 9,(1)) a5(t)| 1€ B(p*)},

noticing that due to compactness of the sets M(f—p*) and B(p*) in Q the
set 4 is compact in C”.

THEOREM 4.2 (“Zero in the Convex Hull” Characterization). A4 polyno-
mial p* € Py is a best approximation to a function f € C(Q)\Pg if and only
if the origin of the space C" belongs to the convex hull of A.

Proof. Consider an arbitrary polynomial p € P in the form p=>"_, ¢, 4,
and the corresponding vector z = (¢y, ¢,, .., ¢,) € C". Let p* € P, is a best
approximation to f€ C(Q)\Pg. In view of Theorem 4.1 it is equivalent to
the fact that for each polynomial p € P at least either of the inequalities

Re(p(1) 04(1))>0,  re M(f—p*)
Re(p(t) o5(1))>0,  teB(p*)

does not hold true, which means that the system of inequalities

Re(z, b(2)) >0, te M(f—p*)
Re(z, ¢(2)) >0, te B(p*)

is incompatible. Due to compactness of the set %4 in view of Theorem 2.2
this can happen if and only if the origin of the space C” belongs to the
convex hull of 4. |

THEOREM 4.3. A polynomial p*e Py is a best approximation to fe
C(Q)\Pg, from Pg if and only if there exist such sets Ay= {1, t, ..., [;} <
M(f—p*), Bo={t\, th, .., t,,} < B(p*) (k=1,k+m<2n+1) andposztwe
CONSLants Ay, .., Axy Al, oy Ay, that for each polynomial p € P the following
condition holds:

k
Z plt,) o) + Z N AL AR (4.17)

s=1
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Proof. = Let p* be a best approximation to f from P,. According to
Theorem 4.2, the origin of the space C” belongs to a convex hull of 4. In
view of Carathéodory’s theorem one can find such k vectors b(¢,)e€ 4,

t,e M(f—p*), (/=1,.. k), m vectors c(t,)e B, t, e B(p*), (s=1,..,m)
and positive numbers 4, (£ =1, .., k), 1, (s=1, ..., m) that

) =0, (4.18)
k+m<2n+1.

We multiply the second of the equalities (4.18) by an arbitrary vector

t=(cy,..,c,)€C” and set p=3>"_, c,p,, to obtain (4.17). Let us show

that k> 1. Indeed, notice, that for the polynomial p, from Hypothesis 2.1
the following condition holds:

Re(po(t.) — p*(t)) o4(12)) >0,  s=1,.., m.

Then

or
2 A po(ty) — p*(£y)) aa(ty) #0.

< Assume that for some collections {11, s i} = M( f P¥), Al s U}
< B(p*), and positive constants A, (£ =1, ..., k), A, (s =1, .., m) and arbitrary
pe P (4.17) holds. This immediately entalls the equallty

Z p(t,) o, (t,)) + Z A Re(p(tl) a,(1)) = 0.

s+1

Thus, at least either of the numbers

Re(p(t,) o.(t,)) (£=1,..,k) and Re(p(ty) o,(ty)) (s=1, ..., m)
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is non-positive. But then, obviously, the condition (4.14) holds and p* by
Theorem 4.1 is a best approximation to f from P,. This completes the
proof. |

Remark 4.1. Under the conditions of Theorem 4.3,
[Ag U By| <2n+1—|45 N Byl

Remark 4.2. 1If Pis a Haar space and f e C,(Q)\Pg, the sets 4, and B,
in Theorem 4.3 in addition satisfy the condition |4, U By| =>n + 1.

Indeed, it is easy to show that for the sets A,, B, in Theorem 4.3 the
ordered pair (A4,; B,) is an a.p. of finite sets. Which, in view of Remark 3.1,
contains at least one m.a.p. (Ag; By) for f. Taking into account
Theorem 3.3, we get

|4o U By| =45 v By =n+1.

Remark 4.3. All the results of this paper remain valid for some
weakened system of restrictions 2, which can be defined as follows. Let X
be some open subset of Q; then

0 - {zeCl|lz—u(?)| <r(1), te Q\X}
"_{C, te X.

Moreover, the functions u and r are continuous on Q\X. In addition, the
function r is positive on Q\X.

Then, by letting X=Q (i.e., there are no restrictions), we obtain as a
consequences classical theorems of characterization of best approximation
for unrestricted approximation. Let us formulate them.

THEOREM 4.4 [8]. A polynomial p*e P is a best approximation to a
function fe C(Q) if and only if for each pe P the following conditional
inequality holds true;

min  Re(p(t) (1)) <0.

te M(f—p*)

THEOREM 4.5 [9-11]. A polynomial p* € R is a best approximation to
€ C(Q)\P form P if and only if there exist such sets Ay={ty, .., t;} <
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M(f—p*) (1<k<2n+1) and positive constants A, ..., L, that for each
polynomial p € P the following condition holds:

k
Z Ao D(1y) W=O.

/=1

5. UNIQUENESS AND STRONG UNIQUENESS OF
BEST APPROXIMATION

We assume throughout this section that P is a Haar space.

THEOREM 5.1 (Uniqueness Theorem). Each function fe C,(Q) has a
unique best approximation in Pg,.

Proof. 1If fePg, the statement of the theorem is obvious. Let fe
C,(O)\P,. Assume, that f has in P, two best approximations p, and p,.
Then, as it is known, the polynomial p* =1/2(p, + p,) € P, is also a best
approximation for f. Using standard techniques, we get the inclusions

M(f=p*)=M(f—p) " M(f—p,y)=Z(p—p,),

(5.19)
B(p*)<= B(p1) 0 B(py) = Z(py —p»)

Consider now an arbitrary m.a.p. (4,; B,) for the function f. By virtue
of Theorems 3.1 and 3.3 we have

Ao =M(f—p*),  Bo<=B(p*) (5.20)
and also
|[Ag U Byl =n+1. (5.21)

The inclusions (5.19) and (5.20) along with the inequality (5.21) entail the
estimation

| Z(p1—p2)| Z |M(f —p*) v B(p*)| = |4y © Bo| Zn+1,

which, in view of Definition 2.1, gives p, = p,. This completes the proof. ||

Let us show that for the functions fe C(Q)\C,(Q) Theorem 5.1, in
general, is incorrect.
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ExampPLE. Let QO=[0,1], u(t)=0, r(t)=1/2, ¢(t)=1, ¢,(t)=
f(t)y=1/24+3/2¢, te[0, 1]. Note, that for each pe P, for t=1,

IRe p(D)[ < [p(D)] = [p(1) —u(1)| <r(1)=1/2.

Using this, we have

E(f)= inf  max [f(7)—p(r)] = inf [f(1)—Rep(1)| =3/2.

pePg te[0,1] pePg

While for the functions p, =¢, € Py, p,=1/2¢, € P, we have

Lf=pill == p2ll =3/2.

Hence, E(f)=3/2 and f has in P, two best approximations p,; and p,
(besides, p; # p»).

THEOREM 5.2. (Strong Uniqueness Theorem). Let p*e Py be a best
approximation to a function fe€ C,(Q) from Pg. Then there exists such a
constant y=y(f) >0 that any polynomial p € P, satisfies the inequality

If=pI2=1f=p*I?+7llp*—pl* (5.22)

Proof. 1If fePg, then the inequality (5.22) is trivial for y<1. Let
feC,(O)\Pg. Then due to Theorem 4.3 and Remark 4.2 there exist such
sets  Ag={t1, ., I} SM(f—p*), Bo={t}, ..t} =B(p*)(|4y U By| >
n+ 1) and positive constants 1, (£ =1, ..., k), A (s=1, .., m) that for each
polynomial p e P (4.17) holds. Without loss of generality, we shall assume
that

k
Y =1 (5.23)
I=1

For each pe P set
k m 12
A5(p) :=< > A )P+ Y 2y Ip(l’s)|2> -
/=1 s=1

It is easy to check that A4,(-) is a norm on P. Hence, there exists such a
constant y >0 that for all p € P the following inequality holds:

A3(p) = (I pI?). (5.24)
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Taking into account (4.17), (5.23) and (5.24), we get

El

1f=pI2= X A 1f(t) = p(t )12+ X 2 lu(tl) — p(t)1> = 3 2r?(ty)
s=1

I=1 s=1

k
NSt = p*(A )P +2 3 4, Re((p*(t,) — p(t,) 01(1,))

1 I+1

Il
I M= |
~

k m
+ 2 Ao Ip*(t,) = p(t)1P+ 3 Ay lulty) — p*(2)|?

I1=1 s=1

+2 3 A Re((p*(ty) — p(£y)) oa(t5) + 3 A5 [p*(1) — p(£))]?

s=1 s=1
- i Ay lu(ty) — p*(t)1>= |/ = plI> + 43(p* — p)
= f=p*I2+y Ip*—plI> 1
Define on the set C,(Q) the operator of best approximation v, which
assigns to each function fe C,(Q) its unique best approximation in Pg,.

THEOREM 5.3. The operator t is continuous in C,(Q).

Proof. Fix an arbitrary function f,e C,(Q) and the corresponding
constant of strong uniqueness y = y( f,) in (5.22). Let us show now that for
some y; >0 and all such fe C,(Q) that | f— f, || <1 the inequality

Ie(f) = 2(fo)l <yy If = foll ™2,

holds, which immediately implies the Lipschitz continuity (with the index
1/2) of the operator 7 at the point f,. Taking into account (5.22), we get

(/) = (o)l <772 fo— ()2 = I fo— 2 fo)I1P) 2
<y fo = F1+ 1 =D = I fo— T f) D)2
<y o= S+ 1f = (D= I fo— T f) )72
<772 oS+ o= U = Ifo — 1 fo) |2V
=y @ fo— S (L fo— £+ fo— T fo)I )2
< Ifo— 1112,

where 7, =2y "1+ E(f,)"% 1
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Remark 5.1. Theorem 5.2 suggests the standard form of the inequality
of strong uniqueness (see [ 13]) in the complex case. Indeed, set y, = 1/4y,
0 =2y~ "2 Then for all such pe P, that || p — p*|| <J we have the follow-
ing inequality

If=pl=1f—p*Il+7: lp— p*I~

6. CONCLUDING REMARKS

1. Helly’s theorem in the problems of best approximation has been
applied by Shnirelman [ 14], Rademacher and Schoenberg [ 12] and others.

2. All the statements of this paper (except Theorem 3.3, Remark 4.2
and the theorems of Section 5) are also valid for the case of Q being a
compact Hausdorff space. But the existence on the compact Q a Haar
space brings very serious conditions on Q (for the real-valued case see
Mairhuber [ 15] and the complex-valued one—Schoenberg and Yang [16]
and Overdeck [17]).
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